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Abstract 

Knots in M"^ which may be parameterized by a single cosine function in each coordinate are 
called Lissajous knots. We show that twist knots are Lissajous knots if and only if their Arf 
invariants are zero. We further prove that all 2-bridge knots and all (3, (7)-torus knots have 
Lissajous projections. 



1 Introduction 

Definition 1 A Lissajous knot Kin M'^ is one that can be represented parametrically by 

x{t) = cos{n^t + 4>x) 
y{t) = cos{nyt + (py) 
z{t) = cos{nzt + <f>z) 

for integer frequencies n^^Uy, and n^, real phase shifts (px, 4'y, CLn-d and < t < 27r. 

In order for the parameterized curve to actually be a knot, that is, to not have any self-intersections, 
it follows easily that the three frequencies, n^jfiy and riz must be pair-wise relatively prime. Fur- 
thermore, there are restrictions on the phase shifts. If we assume that (pz = 0, then the x and y 
phase shifts must not be of the form 

(px = k — , or 4>y = k—, or (p^ = —4'y + k—. 
fiz Tiz riy riy 

(See or [Hj.) Note that by replacing t with t -|- c we may change the phase shifts, making any 
one of them zero for example. 
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Lissajous knots were first studied in T where a few examples were given and a few properties 
of Lissajous knots were derived. In particular it was shown that a Lissajous knot with all odd 
frequencies is strongly plus amphicheiral and one with a single even frequency is 2-periodic. These 
symmetries are easy to see. In the first case, consider the orientation reversing homeomorphism 
/9 : M'^ ^ given by negating each coordinate, or in other words, reflecting through the origin. If 
K(t) is a Lissajous knot with all odd frequencies then 

p{K{t)) = {-cos{nxt + (j)r,),-cos{nyt + (j)y),-cos{nzt + (j)z)) 

= {cos{nxit + vr) + (j)x),cos{ny{t + vr) + ^j^), cos(n^(t + vr) + 0^)) 
= K{t + -K). 

Furthermore, it is not difficult to check that the orientation of K is preserved. Thus K is strongly 
plus amphicheiral. If one of the frequencies is even, say n^, then a similar argument will show that 
a 180 degree rotation of around the x-axis will take K to itself. Thus K is 2-periodic. 

Being strongly plus amphicheiral is a fairly restrictive property and among all prime knots to 
12 crossings only 3 have this quality 01. These are 10al03 (IO99), 10al21 (IO123), and 12a427. 
Knot names are given in both the Dowker-Thistlethwaite ordering of the Hoste-Thistlethwaite- 
Weeks table Q and, in parenthesis, the Rolfsen ,8, ordering (for knots with 10 or less crossings). 
Symmetries of the knots in the HTW table were computed using SnapPea as described in [1]. The 
fact that lOalOB is Lissajous is given in [S] and to date, it is the only one of these knots that has 
been shown to be Lissajous. 

If K is any knot and K is its mirror image, then K'^K is strongly plus amphicheiral. Currently, 
only three Lissajous knots of this form have been found, namely when K is Sal (3i), Sal (52), and 
6a3 (61). A list of Lissajous knots with small crossing number which includes these examples is 
given in 0. 

In the case where one of the frequencies is even, and the knot is 2-periodic, actually more is known. 
In this case, it is shown in both [5| and [5] that the knot must have linking number ±1 with the 
rotational axis of symmetry. Both the trefoil knot and the figure eight knot for example are 2- 
periodic. But neither has such a symmetry where their linking number with the axis of rotation is 
±1. This is because, as we will see shortly, neither can be a Lissajous knot! 

The symmetry of a Lissajous knot has a strong effect on its Alexander polynomial. Hartley and 
Kawauchi jH] show that a strongly plus amphicheiral knot must have an Alexander polynomial 
which is a perfect square. For knots that are 2-periodic and link their axis of rotation ±1 times, 
Murasugi jjj has shown that the Alexander polynomial must be a square modulo 2. From these 
facts, Lamm shows that many large classes of knots are not Lissajous. (See also jHl-) For example, 
if p and q are relatively prime integers larger than 1, then the {p,q)-cable of any knot is not 
Lissajous. In particular, torus knots, iterated torus knots and non-trivial algebraic knots cannot 
be Lissajous. (Thus the trefoil is not Lissajous.) Lamm also points out that these conditions on 
the Alexander polynomial also imply that fibered knots with odd genus, and fibered 2-bridge knots 
are not Lissajous. (Thus the figure eight knot is not Lissajous.) 

It is well known that the Arf invariant of a knot may be derived from its Alexander polynomial 
(see the proof of Lemma and in [HI it is shown that if the Alexander polynomial is a square 
modulo 2 then the Arf invariant is zero. Thus the trefoil and figure eight knots cannot be Lissajous 
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as each has an Arf invariant of 1. The fact that the Arf invariant of a Lissajous knot is zero was 
also proven in |lj by a different method. 



All of the necessary conditions mentioned so far for a knot to be Lissajous are derived from the 
symmetry of the knot: either strongly plus amphicheiral, or 2-periodic with linking number ±1 with 
the axis of rotation. In general, the implied statements about the Alexander polynomial are strictly 
weaker and the fact that the Arf invariant must be zero is weaker still. ^ To date these are the only 
known necessary conditions for a knot to be Lissajous and it seems unlikely that these necessary 
conditions are sufficient. However, in this paper we show that these conditions are sufficient for the 
class of twist knots. In fact, a twist knot is Lissajous if and only if its Arf invariant is zero. For 
those twist knots that are not Lissajous we know that infinitely many are second order Lissajous. 
A second order Lissajous knot is defined as follows. 

Definition 2 A second order Lissajous knot K is one that can be represented parametrically by 



for integer frequencies ni, n2, ns, and n/^, real phase shifts (pi, (f)2, 4'3, o-nd and < t < 27r. 

We believe the following conjecture to be true, and hope to include this result in a forthcoming 
paper. 

Conjecture 1 Every twist knot with Arf invariant 1 is second order Lissajous. 

Note that a second order Lissajous knot has a Lissajous projection (in the x-y plane). By employing 
large enough frequencies it seems reasonable to make the following conjecture. 

Conjecture 2 Every knot has a Lissajous projection. 

While not explicitly stated as a conjecture in Jl, this belief is evident in their paper and we echo 
their sentiment here. 

If Conjecture |21 is true, then the height function z{t) can be estimated by a finite sum of cosine 
functions. Whether just two (or one) cosine functions would then suffice in all cases, as we believe 
it does for all twist knots, is an interesting question. 

In Section |2l we show that a twist knot is Lissajous if and only if its Arf invariant is zero. Next, in 
Section 121 we give a general result that can be used to show that a knot has a Lissajous projection. 

^The knot 7a7 (7i in Rolfsen) has Arf invariant zero but its Alexander polynomial is not a square modulo 2. The 
knot 8nl (820 in Rolfsen) has Alexander polynomial which is a square modulo 2 but it is not p-periodic for any p. 
(See Table I in "?). Finally, the knot Snl (820 in Rolfsen) has Alexander polynomial a perfect square, but it is not 
strongly plus amphicheiral. 



x{t) 

y{t) 

z{t) 



cos(nit + (pi) 
cos(n2t + (1)2) 

cos{n^t + (ps) + cos(n4t + (p^) 
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We use this to show that all 2-bridge knots have Lissajous projections. Finally, in the last section 
we continue with the techniques in Section El to show that all (3, g)-torus knots have Lissajous 
projections. 

Acknowledgement This research was carried out during the summer of 2005 as part of a Research 
Experiences for Undergraduates program administered by the Claremont Colleges with funding 
from the National Science Foundation. The authors wish to thank the Claremont Colleges for 
their support and hospitality as well as both the Claremont Colleges and the National Science 
Foundation for funding the REU site. 

Postscript After completing this paper we learned that Lamm has proven Conjecture |21 



2 Twist Knots 

The twist knot Kfn is defined as in Figure There are m crossings in the "twisty" part and then 
two more crossings in the left-handed "clasp." If m > then the given diagram is alternating (and 
reduced) and thus depicts a knot with crossing number equal to m + 2. If m < 0, then the crossings 
in the "twisty" part have the opposite handedness. For example, K2 is the figure eight knot, Ki is 
the left-handed trefoil, and K-i is the unknot. It is not difficult to show that and K-m-i are 
mirror images of each other. We will consider two knots the same if there is a homeomorphism of 
to itself taking one knot to the other and therefore will not distinguish between a knot and its 
mirror image. Thus, it suffices to consider only the case where m = 2re is even. 

We begin with the following Lemma. 

Lemma 1 The Alexander polynomial and the Arf invariant of the twist knot K2n are 

^K2„it) = n - {2n + l)t + nt^ 
Arf (i^2n) = n nnod 2. 




Figure 1: The twist knot 
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Proof: The first part is well known. See ^ for example. 

For any knot J, the Arf invariant may be derived from the Alexander polynomial as follows. 

= itA.(-l).±lmod8, 
[1 if Aj(-l) = ±5 mod 8. 

In our case, Ai^2^(— 1) = 4n-\- 1 which is 1 mod 8 if n is even and 5 mod 8 if n is odd. □ 

From Lemma n we see that the Alexander polynomial of a twist knot is never a perfect square and 
hence twist knots are never strongly plus amphicheiral. Thus none can be Lissajous knots with all 
odd frequencies. It remains to consider the possibility that one frequency is even. The following 
lemma narrows the scope of our investigation. 

Lemma 2 For twist knots Km, the following are equivalent: 

1. Km is 2-periodic and has linking number ±1 with its rotational axis of symmetry. 

2. The Alexander polynomial Ax,„(i) is a square modulo 2. 

3. The Arf invariant of Km is zero. 

Proof: For any knot, 1 2 ^ 3. Thus it remains to prove 3^1. As mentioned already, we may 
assume that m = 2n is an even integer. Suppose the Arf invariant of K2n is zero. Thus Lemma ^ 
implies that n must be even. Figure 121 now shows that Km is 2-periodic. In the figure, the box 
labeled n indicates a total of n crossings. The axis of rotation is perpendicular to the plane of the 
diagram and appears as a heavy dot in the center of the figure. The reader should check that the 
linking number with the axis is it 1 if n is even and ±3 if n is odd. □ 




Figure 2: Km is 2-periodic and links its axis of rotation once iff m = mod 4. 

Because of Lemma it is quite natural to ask whether or not twist knots with Arf invariant equal 
to zero are Lissajous. By exploring Lissajous knots with small frequencies one quickly finds that if 
rix = 2 and Uy is odd, then the Lissajous knot has a projection which could be the projection of 
a twist knot if all of the crossings are arranged in the appropriate way. For example, consider the 
two Lissajous knots shown in Figure 0] where = 2, (/ij, = 0, rij^ = 5 or 7 and (j)y = 0.5. Arbitrarily 
choosing (t)y = 0.5, we are led to the following question: If tt-x — 2, (f)x — 0, riy — 2m-\-l and (py — 0.5, 
can we choose and (f)z so as to produce a twist knot? In order to study this question we begin 
by investigating the double points of the xy-projection of a general Lissajous knot. 
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Lemma 3 Let K{t) he the Lissajous knot parameterized as in Definition^ Suppose t = ti and 
t = t2 give a double point in the projection to the xy-plane. Then the set of such pairs (ti, fo-H into 

Type I: {t,,t,) = (("i + - + - ^) 

forl<k<n^-l and + ^] < j < \2ny - ^k + 

two types. 

Type II: {t,M) = (("^ + " 1^' + " ^) 

forl<k<ny-l and \^^k + ^1 < j < [2n^ -^k+i^\. 
Moreover, there are n^riy — Uy doubles points of Type I, and n^Uy — double points of Type II. 

Proof: We must find all pairs of times (^1,^2) such that x{ti) = x{t2) and y{ti) = y{t2). Using the 
fact that cosM = cosf if and only if n it u is an integer multiple of 27r, one is led to a number of 
cases that must be analyzed. See [T] for further details. □ 

Let Cl j and C^^- denote the crossings that occur at the double points of Type I and II respectively. 
By x{Cj^ ■) or y{Cj^-) we will mean the x and y values at that crossing. 

Suppose now that = 2,(j)x = 0, Uy = 2m + 1 and (j)y = 0.5. Then there are 2m + 1 double points 
of Type I. For each of these, k = 1 and m + 1 < j < 3m + 1. The time pairs are 



{tl,t2)l 



(2j - 2m - l)7r - 1 (2j + 2m + l)7r - 1 
2(2m + 1) ' 2(2m + 1) 



It is easy to show that y{C[ j) = for all j and hence each Type I crossing lies on the x-axis. 
Furthermore, it is not difficult to show that no Type I crossing can occur at the origin and the 
number of Type I double points that fall on the positive x-axis is 2 [y] . 

If we now look at the Type II double points we see that there are 4m of these given by the time 
pairs 

, , / (2m + l)j - 2k (2m + l)j + 2k 

('^''^^^^=V 2(2m + l) ^' 2(2m + l) ^ 
where 1 < /c < m if j = 1 or 3 and 1 < A; < 2m if j = 2. If we compute the value of y at these 
crossings we obtain 

y{Ci^,) = (-l)'=+™+isini 
yici!^) = (-l)'+'cosi 

By computing the x value of the Type II crossings we obtain 

for all k. Furthermore, the number of Type II crossings Cl^j with X > is 2m. Of these, 2 J 
have j = 2 while 2 have j = 1 or 3. 



6 



Finally, since Ux = 2, the knot is rotationally symmetric around the j;-axis. Thus the signs of C^^^^ 
and 3 are the same as are the signs of C^^g ^^'^ ^IL+i-k 2- 

We now want to understand how the choice of and (pz determines the crossing at each of the 
double points in the xy-projection. Note first that increasing the phase shift by vr will reflect the 
knot though the xy-plane. Thus we may assume that < i?i>2 < vr. 

Suppose that at a double point of either type, z(ti) = 2(^2)- This occurs if and only if the sum or 
difference of Uzti + (f)z and nzt2 + (/"z is an integer multiple of 2tt. If we examine the Type II double 
points first, we find that all of the crossings 2 become singular precisely when (pz = ov vr. All 
the other Type II crossings become singular precisely when (pz = Furthermore, both of these 
statements are independent of n^. In particular, once is chosen, we are free to vary cpz between 
and ^ without changing any of the Type II crossings! We now turn our attention to the Type I 
crossings. Since is odd, it is not hard to show that the difference of Uzti + (pz and nzt2 + 4>z 
cannot be an even multiple of vr. However, their sum is an even multiple of vr if and only if 

riz jrizTT . 

+ ITT 



^ 2(2m + l) 2m + 1 

for some integer i. Therefore, there are 2m + 1 values of (pz between and vr where all the Type I 
crossings become singular. These values, together with |, give 2m + 2 phases that must be avoided. 
The locations of these singular phases depend on but the number of them depend only on m. 
Thus, for a given choice of m there are 2m + 3 intervals where we may safely choose (pz and varying 
<pz within each interval will not cause any of the crossings to become singular. Hence there are at 
most 2m + 3 different Lissajous knot types with Ux = 2,ny = 2m + l,(px = Q and (py = i^- 

At this point it is a simple matter to program a computer to search through a large number of 
pairwise relatively prime frequencies 2, 2m+ 1, Uz and for each of these construct the 2m+3 possible 
Lissajous knots. Looking for twist knots in this way led to the following theorem. 



Theorem 4 A twist knot is Lissajous if and only if its Arf invariant is zero. In particular, the 
Lissajous knot 

x{t) = cos(2t) 

y{t) = cos((2m + l)t + 0.5) 

z{t) = cos((6m + 7)t + (6m + 7 - 37r)/(4m + 2)) 
for m > is equivalent to K2m if "t- is even and -f^_2(m+i) ^/ ^-^ odd. 

Proof: If m = or m = 1 it is easy to verify the result. Thus, in everything that follows we 
assume that m > 1. Diagrams for m = 2 and 3 are shown in Figure El A nice pattern exists that 
we will show persists for all m. Consider the checkerboard coloring of the diagram and assume the 
unbounded region has been colored white. There are exactly m white regions each having 4 edges 
and 4 vertices. We call these diamonds. Each diamond lies on the x-axis and contains two Type I 
crossings and two Type II crossings. There are a total of m diamonds and when m is even, half 
lie on each side of the y-axis. When m is odd, (m + l)/2 lie in the right half-plane and (m — l)/2 
lie in the left half-plane. We claim that each diamond must appear as one of the four possibilities 
shown in Figure I3 which we call left hand crossings, clasps, or right hand crossings. 
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Figure 3: Lissajous knots with Ux = 2,ny = 2m + l,n^ = 6m -\-7,(j)x = 0,(j)y = 0.5 and (pz = 
(6m + 7 - 37r)/(2(2m + 1)) for m = 2 and 3. 

In Figure El for example, notice that as we move from left to right the diamonds form a (possibly 
empty) string of left band crossings, then a clasp, and then a string of right band crossings. Thus 
all of the right band crossings "unravel" and the clasp of the twist knot is formed at the diamond 
that is of type b) or c) in Figure [l] From this it clearly follows that the knot is indeed a twist knot. 

It suffices to prove the following four claims: 

1. If m is even, then all Type I crossings in the right half-plane are left-handed and all Type I 
crossings in the left half-plane, except the one closest to the y-axis, are right-handed. 

2. If m is odd, then all Type I crossings in the left half-plane are right-handed and all Type I 
crossings in the right half-plane, except the one closest to the y-axis, are left-handed. 

3. Type II crossings with k = 2 are left-handed if and only if they lie in the right half-plane. 

4. Type II crossings with A; = 1 or 3 are right-handed if and only if they lie in the right half-plane. 

From these claims it is easy to establish 

5. If m is even, the first diamond to the left of the y-axis is a clasp as shown in Figure |3t- If 

is odd, the first diamond to the right of the y-axis is a clasp as shown in Figure^. In either 
case, all diamonds to the right of this clasp are right band crossings and all diamonds to its 
left are left band crossings. 
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Once statements 1-5 are proven we obtain the desired result as follows. Each of the left band 
crossings contributes one fuh left-handed twist to the band of the twist knot and each of the 
Type II crossings with /c = 2 in the left half-plane contributes half a left-handed twist. Notice 
that since the edges of the band are oriented oppositely, these are actuahy right-handed crossings. 
Finally, the left-most Type I crossing is right-handed and contributes half a left-handed twist to 
the band. Thus if m is odd for example, all of these crossings add up to —2m — 1 right half-twists 
in the band. The clasp of the twist knot is right-handed. Thus this knot is the mirror image of 
-^2m+i which is equivalent to K_2(m+i) • 




abed 



Figure 4: a: left band crossing; b: clasp, m even; c: clasp, m odd; d: right band crossing. 

In order to establish statements 1-4 we study the signs of the crossings. Suppose (ti,t2) is a pair 
of times that gives a double point, and let 

Vi = {x'{t^,y'(ti),0) 

be the tangent vector to the xy-projection at t = ti. The cross product 

vixv2 = {0,0,x'{h)y'{t2) -x'{t2)y'{h)) 

is now a vector perpendicular to the xy-plane. The following lemma is proven in [£]. 

Lemma 5 The sign of the crossing corresponding to the times (ti,t2) is 

sign [{x'{ti)y'{t2) - x'{t2)y'iti)){z{ti) - 2(^2))] • 

Using Lemma El somewhat lengthy, but nevertheless straightforward, calculations show that state- 
ments 1-4 are correct. We illustrate the proof of statement 3 and leave the others to the reader. 

Considering a Type II crossing with j = 2, we obtain 

2k7r 

x'(t2) = —x'iti) = 2 sin and 

2m -|- 1 

?/'(t2) = y'(ti) = (-l)'=(2m + l)sini. 
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Hence the sign of x' {ti)y' (12) — x'{t2)y'{ti) is the same as the sign of 



-D'^sm- 



2m + 1 



Next, we consider z{ti) — 2(^2)- As mentioned earher, varying (j)z between and 7r/2 will not change 
the Type II crossings with j = 2. Thus we may replace z{t) with Z{t) = cos((6m + 7)t + 7r/4). We 
obtain, 



(cos hsm 

^ ' ^2 2m + 1 



(_l)'c+i_(cos 



4kTT 

2m + 1 



sm ■ 



2m + 1 

AkiT 
2m + 1 



with the sign of Z{ti) — Z{t2) equal to (— l)'^+-'^sign 



sm 



4fc7I 



2m+l 



Finally, using Lemma El the sign of C/^ is 



sign [Cil^] 



sign 
—sign 
—sign 



(-l)'=sin 



2kTT 

2m + 1 



1)'^+^ sin 



Ak-K 



2m + 1 



2A;7r Akn 

sin sin 

2m + 1 2m + 1 

2A;7r 



cos ■ 



2m + 1 
-sign [xiCi;^)] ■ 



□ 



3 Knots With Lissajous Projections 



Theorem ^ shows that every twist knot with Arf invariant equal to zero has a Lissajous projection 
with Ux = 2 and Uy some odd integer. Our first goal in this section is to show that all 2-bridge 
knots have Lissajous projections. To do this we first introduce the concepts of a Lissajous arc and 
a Lissajous braid. 

Figure 15] illustrates the Lissajous projection with frequencies n^^ = 4 and Uy = 3 and phase shifts 
(j)x = and (py = 0.2. In Figure IHl we have set both phase shifts to zero. Notice that the first 
figure appears like the projection of a long thin twisted disk or band whose "core" is the arc of the 
second figure. As the phase shift (py is increased from zero, the arc in the second figure expands 
to the band of the first figure. A double point in Figure becomes four crossings in Figure El 
But additional crossings are also introduced because the band does not lay flat in the plane of the 
projection. Instead, think of the band as twisted, with these additional crossings located at the 
extreme points of the arc in both the x and y directions. These observations motivate the following 
two definitions. 
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Figure 5: A Lissajous projection with rix = 4, = 3, (px = 0, and (py = 0.2. 




Figure 6: A Lissajous arc with n^^ = 4 and Uy = 3. 

Definition 3 A Lissajous arc with frequencies and Uy is the plane figure parameterized by 

x{t) = cos{nxt) and y{t) = cos{nyt) 
for < t < vr, where Ux and Uy are relatively prime positive integers. 

Notice that if small neighborhoods of all the maxima and minima in the y direction are removed 
from a Lissajous arc, we are left with the projection of a braid on Uy strings. Suppose a is an 
n-string braid expressed as a product of the standard braid generators ai,a2, ■ ■ ■ , and their 
inverses. Here crj denotes the braid where string i + 1 passes over string i as one travels down the 
braid. Let p{a) denote the obvious projection of the braid obtained by replacing with a double 
point which we will denote as Sj. 

Definition 4 A Lissajous braid with frequencies and Uy is any braid a on Uy strings whose 
projection p{a) is obtained from a Lissajous arc of the same frequencies by removing small neigh- 
borhoods of all the minima and maxima in the y direction. 

The following characterization of Lissajous braids is straightforward and is left to the reader. 
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Lemma 6 Let a be a Lissajous braid with frequencies and Uy. Define Seven CLnd Sodd 

Seven — S2S4 . . . Se 
Sodd = SlS^ ...SO 

where E and O are the largest even and odd integers less than Uy. Then 

^ even\^ odd^ even 

) 2 if rix is even and Uy is odd; 

p{a) = I (s 

oddSeven 

) 2 ifrix is odd and Uy is even; 

rix — 1 

\^ even^ odd 

) 2 if rix is odd and Uy is odd. 

The number of crossings in the braid (or arc of the same frequencies) is {n^ — ^){ny — l)/2. The 
number of crossings in a Lissajous projection with these frequencies is 2nxny — — Uy. 

Thus a Lissajous braid has a projection which is an alternating product of Seven and Sodd- However 
not all such products are possible. For example, the projection can never begin and end with Sodd 
and the fact that and Uy are relatively prime impose further restrictions as well. 

The following two lemmas will play a key part in showing that every 2-bridge knot has a Lissajous 
projection. 

Lemma 7 Suppose a is any n-string braid with n > 2> of the form a = acr^^a^'^b where = ±1. 
Thus p{a) = p{a)sfp{b). Then there exist equivalent braids a' and a" such that 

p{a') = p{a){si-iSif p{b) and p{a") = p{a){siSi+if p{b). 



Proof: By using two Type I and one Type III Reidemeister moves we may change a to 

a' = aa-\a-^al'_-^(Jiai-ial^b. 
We now have p{a') = p{a){si-iSi)^ p{b) . A similar argument gives a". □ 

Lemma 8 Any 3-string braid a is equivalent to a braid whose projection is an alternating product 
of si and S2. 

Proof: We proceed by induction on the length (that is, the number of crossings) of a. If a has 
length one, then p{a) equals either si or S2 and we are done. 

There are now two cases to consider: either a = cr^^P or a = o"^^/?, where /3 is a shorter braid. 

Suppose a = a^^p. By induction, we may assume that /? is equivalent to a braid, which we continue 
to call /?, whose projection alternates between si and S2- If begins with si, then we are done, 
because p{a) now alternates between S2 and si. If begins with S2, then p{a) begins with S2, 
which we can replace with (siS2)^ by Lemma[7J 

A similar argument works if 
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Figure 7: Changing the closure of a Lissajous arc to a Lissajous projection. 

Definition 5 The closure of a Lissajous arc is the knot projection obtained by connecting the ends 
of a Lissajous arc with an arc whose interior is disjoint from the Lissajous arc and which introduces 
no additional crossings. 

The significance of this definition will be borne out in the following theorem. 



Theorem 9 Suppose the knot K has a projection which is the closure of a Lissajous arc with 
frequencies rix and Uy. Then K has a Lissajous projection with the same frequencies. 



Proof: We demonstrate the idea of the proof with the following example. 



Consider the trefoil knot as shown on the left in Figure [7| This projection is the closure of a 
Lissajous arc. The next step is illustrated in the middle and right-hand diagrams in Figure El 
Imagine picking up the right-hand strand of the diagram (this is the arc that was used to close the 
Lissajous arc) and then laying it back down atop the figure, retracing the Lissajous arc. As the 
Lissajous arc is retraced we also introduce crossings as needed to achieve a Lissajous projection. 
The additional crossings are located at each of the extreme points in both the x and y directions. 
Note that the final Lissajous projection is equivalent to the one shown in Figure IHl □ 



We now have everything in place to prove the following theorem. 



Theorem 10 Every 2-bridge knot has a Lissajous projection with n^^ = 3. 



Proof: Every 2-bridge knot has a diagram which is the plat closure of a 4-string braid that uses 
only <Ti,c72 and their inverses. We may think of this braid as a 3-string braid a that has had a 
trivial fourth string added along the right side. By Lemma |H1 we may alter a so that its projection 
alternates between si and S2. Since we are adding a fourth string to a and then taking its plat 
closure, we may remove all beginning and trailing appearances of ai or its inverse from a. Hence 
we may assume that the projection of a is of the form S2{siS2)^ for some k. li k = 2 mod 3, then 
it is not hard to check that the plat closure will produce a link rather than a knot. Thus we must 
have that k is either zero or one mod 3. In either case a is now a Lissajous braid with frequencies 
Ux = Ik + 2 and Uy = 3. Finally, we now have that the diagram is the closure of a Lissajous arc 
and Theorem ini applies. □ 
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Figure 8: The left-most string is picked up and moved to the right. 



4 Torus Knots 



The simplest torus knots are the (2, 2/c-|- l)-torus knots. Since these are 2-bridge knots, Theorem llUI 
implies the following result. 



Corollary 11 The (2, 2k + l)-torus knot has a Lissajous projection with Ux = 3. 

The rest of this section will be devoted to showing that the (3, (7)-torus knots have Lissajous 
projections. 

We may think of the (3, g)-torus knot as the plat closure of the 6-string braid (T2(cr4cr3)''cr^^. Our 
strategy is to focus on the five left-most strings, changing this braid into a Lissajous braid. The 
torus knot will then have a projection which is the closure of a Lissajous arc and Theorem IHl will 
apply 



Lemma 12 The 6-string braids 
and 



'72(<T4<T3)''CT2 ^ 



"^(T4(TiCr3 ^(T20"4 ^((73(72)'' ^0"4<73(Ti(T2 



have the same plat closure. 



Proof: The proof is illustrated in Figure |H1 



□ 
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Figure 9: The top-most two strings may be lifted up and pushed to the sides. 

Lemma 13 Any 5-string braid with projection 

a(s3S2)^"/? or a(s3S4)^"/3 
can be changed to an equivalent braid with projection 

a{siS3S2Sif"'(3. 

Proof: Consider a braid with projection (5352)^- We may hft up the first and fifth strings and lay 
them down on top of the other strings as shown in Figure 1^1 

A similar proof works with (5354)^". □ 

Lemma 14 Let P be a 6-string braid with projection as^S4,s^S2- Then there is a 6-string braid P' 
having the same plat closure as j3 and having projection QS1S3S2S4. 

Proof: The proof is illustrated in Figure EB 

□ 

Lemma 15 Let (3 be a 6-string braid with projection asiS^siS2- Then there is a 6-string braid (3' 
with projection asis^S2S4,sis^ such that the plat closure of P is equivalent to the knot obtained from 
P' by using ordinary plat closure at the top of P' and the modified plat closure shown in Figure [771 
at the bottom of P' . 
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^ ^ ^ 



^ ^ ^ 




Figure 10: The two lowest crossings in the left figure are moved to the left. 



11^ ^ 




^ ^I^ 




Figure 11: The right-most string in the left projection is moved over (or under) the other strings 
as shown. 



Proof: Consider the right-most string in the left projection of Figure 111! Let c be the crossing 
involving this string and having the projection 54. If c = (14, then we may slide the right-most 



string over all the other strings as shown in the figure. If c 
under all the other strings. 



(T4 , then we may slide the string 

□ 



We may now use Lemmas El to El to prove that all (3,g)-torus knots have Lissajous projections. 
As we have already mentioned, no torus knot is Lissajous. Thus the height function corresponding 
to these projections cannot be given by a single cosine function. 



Theorem 16 The {3, q)-torus knot has a Lissajous projection with frequencies 5 and 10(^-3-) -|- 7 
ifq=l mod 3, or 5 and lO(^) + 4 if q = 2 mod 3. 

Proof: The torus knot is the plat closure of the 6-string braid (3 = cr2{cr4asya2^ where q is 
relatively prime to 3. 

Case I: g = 3n -|- 1 
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By Lemma IT^ we may replace P with a braid whose projection is now 



If we now apply the first part of Lemma IT^ we may further alter the braid to one whose projection 
is 

S2SASlS3S2S4{siS3S2S4f"'S4S3SiS2. 

Finally, using Lemma [T31 we may change the braid so that its projection is 

S2SiSiS3S2Si{siS3S2Sif'^SiS3S2SiSiS3 = {32848183)^""^^ . 

This last change requires that we change the way the braid is closed at the bottom as described 
in the lemma. We have now reached a projection which is the closure of a Lissajous arc with 
frequencies 5 and lOn + 7. Hence, by Theorem El the torus knot has a Lissajous projection with 
these same frequencies. 

Case II: q = 3n + 2 

We begin by rewriting the projection of /? as 

8284is3Sif'^ 838^8382. 

Applying the second part of Lemma IT^ we may change the braid so that its projection is now 

828i{8l838284f"' 838^8382- 

Finally, using Lemma ITU we may change to a projection of 

828i{8l83828if"' 81838284, = 8284(81838284)^"''^^ . 

As in Case I, we have now reached a projection which is the closure of a Lissajous arc with 
frequencies 5 and lOn + 4. □ 
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